Compactness theorems for gradient Ricci solitons 



Xi Zhang 1 

Department of Mathematics, Zhejiang University, 
Hangzhou 310027, Zhejiang, P. R. China 
E-mail: xizhang@zju.edu.cn 



Abstract 

In this paper, we prove the compactness theorem for gradient Ricci solitons. Let 
(M a ,g a ) be a sequence of compact gradient Ricci solitons of dimension n > 4, whose 
curvatures have uniformly bounded norms, whose Ricci curvatures are uniformly 
bounded from below with uniformly lower bounded volume and with uniformly upper 
bounded diameter, then there must exists a subsequence (M a ,g a ) converging to a 
compact orbifold (Moo?5oo) with finitly many isolated singularities, where g^ is a 
gradient Ricci soliton metric in an orbifold sense. 
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1 Introduction 



The concept of convergence of Riemannian manifolds was introduced by M.Gromov 
([Gr]). As is now well-known, the Cheeger-Gromov convergence theorem ([Ch], [Gr], 
[GW], [Ka], [Pe]) implies that the space n(A, v 1 D) of compact Riemannian n-manifolds 
of sectional curvature \K\ < A, volume > v > and diameter < £), is precompact in 
the C 1,a topology. There has been increasing interest lately in compactness theorems 
of Riemannian manifolds under various geometric assumptions ([Anl], [An2], [Ga], 
[Na], [Til], [Ti2]). For instance, in [Anl] and [Na], the authors show that if {(M a , g a )} 
is a sequence of Einstein manifolds of dimension n satisfying: diam(M a , g a ) < C; 

J M \\Rm(g a )\\g a dV ga < C; and Vol(M a ,g a ) > ^, where C is a uniform constant, 
then there is a subsequence of {(M a , g a )} converges to an Einstein orbifold with finitely 
many isolated singular points. Also see [Til] and [Ti2] for the case of Kahler-Einstein 
manifolds. 
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The Ricci flow equation 

j t9ij = -2R tJ (1.1) 

has been introduced by R.Hamilton in his seminal paper [Hal]. Natural questions that 
arises in studying the Ricci flow equation, are under which conditions a solution will 
exist for all times, if there exists a limit of the solutions when we approach infinity and 
how we can describe the metrics obtained in the limit. In the case of dimension three 
with positive Ricci curvature and dimension four with positive curvature operator we 
know (due to R.Hamilton [Hal], [Ha2]) that the solutions of the Riccci flow , in both 
cases exist for all times, converging to Einstein metrics. In general, we can not expect 
to get an Einstein metric in the limit, but we can expect to get solitons in the limit. In 
brief, a soliton is just a solution to the Ricci flow (1.1) which moves by diffeomorphisms 
and also shrinks or expands by a factor at the same time. Such a solution is called a 
homothetic shrinking or expanding Ricci soliton. The equation for a homothctic Ricci 
soliton is 

2\g l3 - 2R l3 = g ik V jV k + g jk ViV k , (1.2) 

where A is the homothetic constant, v is the vector field induced by the 1-paramcter 
family of diffeomorphisms. For A > the soliton is shrinking, for A < it is expanding, 
and the case A = is a steady Ricci soliton. If the vector field v is the gradient of a 
function u we say that the soliton is a gradient Ricci soliton, thus 

Xgij - R i3 = ViVj-u, (1.3) 

is the gradient Ricci soliton equation. Einstein metrics can be considered as Ricci 
soliton when the vector field v is zero. 

In this paper, we want to consider the compactness result for the Ricci soliton. 
When the under ly manifolds are closed (compact, without boundary), one can easily 
check that the steady and expanding Ricci solitons arc in factly Einstein metrics. So, 
we mainly consider the shrinking case. We prove the following theorem. 

Theorem 1.1 Let {M a ,g a ) be a sequence of shrinking gradient Ricci solitons of 
dimension n>A, i. e, satisfy the following equation 

g a - Ric(g a ) = Vdu ai (1.4) 

such that 

(1) , Ric(g a ) > -Cig a ; 

(2) , diam{M a ,g a ) < C 2 ; 

(3) , Vol(M a ,g a )>C 3 ; 

(4) , f Ma \Rm\*dV gc> < C 4 ; 

for some uniform positive constants C\, Ci, C3, C4. Then there is a subsequence 
(M a ,g a ) converging to (Mco,^) in Cheeger-Gromov's sense, where is an orbifold 
with finitely many isolated singularities and g^ is a Ricci soliton in an orbifod sense. 
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Further, if n is odd, there are no singular points and (Moo, 9oo) is a smooth gradient 
Ricci soliton which diffeomorphic to M a , for a sufficiently large. In this case, (M a ,g a ) 
(sub) converges smoothly to (Moo, goo). 

Remark 1.2: An n-dimensional orbifold Moo is a topological space satisfying: 
each point x in Moo admits an open neighborhood U x homeomorphic to B n /T x , where 
B n is the unit disc in R n and T x C O(n) is a finite group and those U x are patched 
together by smooth transition functions. Any point x with Y x trivial is called a regular 
point of Moo ■ In particular, Moo is a manifold near such a regular point. Denote by 
Reg(Moo) the set of all regular points. All other points are singular points of Moo 
i.e. Sing(Moo) — Moo \ Reg(Moo)- We will confine ourselves to the special case that 
Sing(Moo) consists of isolated points. A Ricci soliton goo in an orbifold sense is just 
the one on Reg(M OQ ) such that for each x G Sing(M OQ ) if ir x : B n — > U x is the 
local uniformization, then there is a diffeomorphism if of B n such that ip*ir*goo can 
be extended smoothly to a gradient Ricci soliton C 00 -metric on B n . 

In theorem 1.1, we say that (M a ,g a ) converge to an orbifold {Moot goo) i n Cheeger- 
Gromove's sense, if for any compact subset K C Moo \ Sing(Moo) there are compact 
sets K a C M a and diffeomorphisms (f> a : K — > K a so that <p* a g a converge to goo in 
C°° topology. 

Recall the formula of Avez ([Be]) expressing the Euler characteristic x(M) of a 
compact 4-manifold in terms of a curvature integral 



where R is the scalar curvature. Clearly, a bound on J M \Ric\ 2 and the second Betti 
number hi (M) implies a bound on J M \Rm\ 2 . The Bishop comparison theorem implies 
there is a upper bound of volume by the lower bound of Ricci curvature and the upper 
bound of diameter. On the other hand, in section two, we will prove that when g 
is a gradient Ricci soliton, the lower bound of Ricci curvature, the upper bound of 
diameter, and the lower bound of volume imply an upper bound of scalar curvature, 
then we have an upper bound of Ricci curvature. So, for Ricci solitons, a lower bound 
of Ricci curvature and volume, an upper bound of diameter, and a bound of b 2 [M] 
imply a bound on J M \Rm\ 2 . We have the following corollary. 

Corollary 1.3 Let {M a ,g a ) be a sequence of shrinking gradient Ricci solitons of 
dimension 4, such that 



for some uniform positive constants C\, C2, C3, C4. Then there is a subsequence 
(M a ,g a ) converging to (Moo, goo) in Cheeger-Gromov's sense, where Moo is an orbifold 
with finitely many isolated singularities and g^o is a Ricci soliton in an orbifod sense. 




(1.5) 



(1) , Ric{g a ) > -C i; 

(2) , diam{M ai g a ) < C 2 ; 

(3) , Vol(M a ,g a ) > C 3 ; 

(4) , b 2 (M a ) < d, 
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More recently, H.D.Cao and N.Sesum ([CN]) proved a compactness result for the 
Kahlcr Rici solitons, where the upper bound of diameter was replaced by a uniform 
lower bound of Perelman's functional fi(g, \) ([Pel]). They point out that by the same 
proof as in [Pe2] they can show that the uniform lower bound of Ricci curvature, lower 
bound of Perelman's functional n(g, 5) , and the Euclidean volume growth implies a 
uniform bound of diameter. In section two, we can show that, for a sequence of 
gradient Ricci soliton, an uniform lower bound of Ricci curvature and volume, and 
an uniform bound of diameter will give an uniform bound of Perelman's functional 

The key analytic tool in this paper is Uhlenbeck's ([Uh]) Yang-Mills estimate for 
curvatures of Yang-Mills connections. The method to prove theorem 1.1 is similar 
with that in Anderson's paper ([Anl]) for Einstein case. The main point is obtaining 
the e-regularity estimates for Ricci soliton which say that a smallncss of the L~ norm 
of curvature implies a point-wise bound on the curvature. Moreover, different with 
the Einstein case, we should to obtain C 1 bound for potential functions u a . It is well 
know ([Ya]), a lower bound for the Ricci curvature and volume and an upper bound 
on the diameter give a lower bound for the Sobolev constant C s of compact manifold 
M, 

\\u\\_m_ <i-||d«||2 + VoZ(M)-s||«|| 2) (1.6) 

for any Lipschitz function u on M. By the above Sobolev inequality, we can use the 
Moser iteration argument to obtain the above estimates. 

The organization of this paper is as follows. In section two, we deduce some 
estimates, specially, we obtain the C 1 estimates for functions u a , and an uniform 
bound for Ricci curvature and Perelman's function. In the section three, we obtain 
the e-regularity estimate for Ricci soliton. In the section four and five, we give the 
proof of theorem 1.1. 



2 Preliminary Results 



Let M be a compact manifold without boundary, and g be a gradient Ricci soliton 
i.e. satisfies formula (1.3), here we assume that u satisfying 

(2tt)-9 / e~ u dV g = 1 (2.1) 
Jm 

and Ric(g) > -dg; diam{M,g) < C 2 ; Vol(M,g) > C 3 > 0. 
From formula (2.1), we have 

Ti 

inf u < InVoUM, g) - -ln(2ir). (2.2) 

x£M 2 
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On the other hand, the Bishop comparison theorem implies there is an upper bound 
of volume by a lower bound of Ricci curvature and an upper bound of diameter. So, 
there exists a constant C5 depending only on C\ and C 2 such that 



inf u < C 5 . (2.3) 

xeM 



Let / = e 2 , then we have 



A/ 2 = e- M |Vw| 2 - e- u Au 

= e- u \Vu\ 2 + e- u (R-n\) (2.4) 
>4|V/| 2 -n/ 2 (C 1+ A). 

From the above Bochner type inequality and the Sobolev inequality (1.6), using the 
Moser iteration argument ([Zh], proposition2.2), we have the following mean value 
inequality, 

sup/<C 6 (/ e- u dV g )K (2.5) 

xeM J M 

where Cq depend only on C\, C2 and C3. So, we obtain a lower bound of u, i.e. there 
is a constant C7 depending only on C\, C2 and C3 such that 

infu>-C 7 . (2.6) 

M 

From the Ricci soliton equation and the lower bound of Ricci curvature, we have 

Vdu < (Ci + X)g. (2.7) 

Let P,Q € M such that u(P) = inf x£ M u, u(Q) = sup x&M u, and 7 : [0, d] — » M be a 
minimizing geodesic connecting P and Q, i.e. 7(0) = P, 7(d) = Q, here d = dist(P, Q). 
We have 



du(l(t)) 
dt 



= (Vu,7') 7(t) -(Vu,7') P 
= /^«V«,V> 7W )da 

= Jo V 7'(^)( VM '7') rfs 

= / *(Vd«)( 7 ',y)d« 
< (Ci + A)i 



and 



u{Q)-u(P)= [ du{ ^ dt < f\c l + X)tdt = \{C 1 +\)d 2 . 
Jo dt J I 

From the above inequality and (2.3), we know that there exist a constant C 8 
depending only on C\, Ci, and C3, such that 

sup u < C s . (2.8) 

xeM 
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Next, we want to obtain the estimate of \Vu\. From equation (1.3), we have 

ViRjk - VjRik = -RijkiViu. (2.9) 
Taking trace on j and k, and using the second Bianchi identity we have 

ViR - 2RijVjU = 0, (2.10) 

and 

V,(|Vu| 2 + i?-2AM) = 0. (2.11) 

So, there is a constant Cg such that 

|Vu| 2 + i?-2Aw = C 9 . (2.12) 

As above, we let P € M be the minimum point of it, then |Vu|(P) = 0, Au(P) > 0, 
and R(P) = nX- Au{P) < nX. We have 

C 9 = |Vw| 2 (P) + R(P) - 2Xu{P) <nX- 2Xu(P). (2.13) 

From (2.12), we have 

| Vu| 2 = -R + 2Xu + C 9 <nX + 2X(u - inf it) - R. (2.14) 

xE M 

When the constant A < 0, from the above inequality, we have 

R < R+ \Vu\ 2 < nX, (2.15) 

then Ait = nX — R > 0. Since manifold M is compact, then it must be a constant. So 
we have the following Proposition. 

Proposition 2.1 Let g be a steady or expanding gradient soliton over compact 
manifold M , then g must be a Einstein metric. 

When A is a positive constant, from the estimate (2.8) we have 

|Vu| 2 < nA + 2A(sup u- inf it) - R < C w , (2.16) 

where Cio is a constant depending only on Ci, C2, C3 and A. 

Let (M a ,g a ) be a sequence of shrinking Ricci solitons satisfying conditions (1), 
(2), (3) in theorem 1.1. From (2.6), (2.8), (2.16), we obtain a uniform C 1 -bound of 
u Q ; from (2.8) and (2.14), we also obtain an uniform upper bound of scalar curvature, 
i.e. we obtain the following lemma, 

Lemma 2.2 Let (M a ,g a ) be a sequence of shrinking Ricci solitons (X = 1 ) 
satisfying conditions (1), (2), (3) in theorem 1.1, and u a satisfying the constraint 
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(2.1), then there is positive constants C\\, C\i depending only on C\, Ci and C3 such 
that 

\u a \ c i<C u . (2.17) 

and 

R(g a ) < C12 (2.18) 



In the next part of this section, we will give an uniform bound of Perelman's 
functional n(g,^) ([Pel]) for a sequence shrinking Ricci solitons (M a ,g a ) satisfying 
conditions (1), (2), (3) in theorem 1.1. In [Pel], Perelman has introduced the following 
functional satisfying 

W(g,<p,T) = (4nT)-S f e^[r{R + | V^| 2 ) + / - n] dV g , (2.19) 

under the constraint 

(4ttt)-2 / e - v dV g = l. (2.20) 
Jm 

Then he define the functional 

n(g,T)=m£W{ g ,;T), (2.21) 
where t > 0, inf is taken over all functions satisfying the constraint (2.20). 
Lemma 2.3 If (M,g) is a shrinking gradient Ricci soliton, i.e. 

g — Ric(g) = Vdu, 

where u satisfying the constraint (2.1), then u is a minimizer of Perelman's functional 
W with respect to metric g and r = 5 . 

Proof: Let tp(t) be the 1-parameter family of diffeomorphisms that come from the 
vector field Vu, and let g(t) = ip*g, then g(t) satisfy the following Ricci flow equation, 

j t g(t) = -2Ric{g{t)) + 2g(t). (2.22) 

In order to use the Perelman's monotonicity formula [Pel], we scale the metric by 
g(s) = C{s)g(t(s)), where C(s) = 1 - 2s, t(s) = -\ ln(l - 2s). Then we have 

^S(s) = -2Ric(g(s)), (2.23) 
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K9(t),\)=ri9(sml-s(t)). (2.24) 

Let <p(0) be a minimizer of W with respect to metric g(0) = g and r = \. Then 
function ip(t) = yb*<p(0) is a minimizer of with respect to metric g(t) since 

»(9(t), \) < W(g(t), \) = W(g(0), p(0), 5) - Mff(O), ^) < (2.25) 

where the last inequality comes from the the Perelman's monotonicity formula for 
fi(g(s), \ — s). Therefore, we have 



f t W{g{t),y{t),\) 

(2^)' S M e-^\Rii + ^n-gii\ 2 dV t , 



(2.26) 



which implies A<p(t) = n — R(t) = A(uo-0(t)). Since M is compact and both functions 
satisfy the the constraint (2.1), then ip(t) = u o ip(t). 
□ 

For our sequence of shrinking gradient Ricci soliton (M a ,g a ), the previous lemma 
tells us that every u a is a minimizer of W(g a , -,5) and therefore satisfies ([Pel]) 

Au a - ^\Vu a \ 2 + ^R(g a ) + u a -n = n{g a , ^) (2.27) 

By Au a = n — R(g a ) and Lemma 2.2, we obtain a uniform bound of /-i(g a , 5)- 

Proposition 2.4 Let (M a ,g a ) be a sequence of shrinking Ricci solitons (X = I) 
satisfying conditions (1), (2), (3) in theorem 1.1, and u a satisfying the constraint 
(2.1), then there is a constant C13 depending only on C\, C2 and C3 such that 

H9*,\)\ <Ci 3 . (2.28) 



Remark 2.5 From Lemma 2.2 , we get scalar curvature bounds for Ricci solitons 
satisfying conditions (1),(2),(S) in theorem 1.1. Since Ricci curvature have a lower 
bound, we can also get an upper bound for Ricci curvature. If dimension n = 3 ; we 
know Ricci cuvature bounds imply Riemannian curvature bounds. On the other hand, 
by Shi 's estimates [Si] we can get uniform bounds for higher derivatives of Riemannian 
curvature, then using Gromov-Cheeger compactness theorem, we can easily get the 
following compactness theorem for Ricci solitons. 

Proposition 2.6 Let (M a ,g a ) be a sequence of shrinking gradient Ricci solitons 
of dimension n — 3, such that 
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(1) , Ric(g a ) > -Cig a ; 

(2) , diam{M ai g a ) < C 2 ; 

(3) , Vol(M a ,g a )>C 3 >0; 

for some uniform constants C\, Ci, C3. Then there is a subsequence (M a ,g a ) 
converging to (Mco, joc) in C 00 topology, and (-Moc,^) is a smooth gradient Ricci 
soliton. 



3 e-regularity for Ricci solitons 



Let (M,g) be a shrinking gradient Ricci soliton. Choose a normal coordinate 
system on the considered point, by direct calculation, we have 

ARijkl — ^m^mRijkl 

^ ra^ kRijlm ^m^lRijmk 

= — VfcV m i?iji m — VzV m i?y m fe + Q(Rm)ijki 

= ^k^mRmlij — V m V;i? m feij + Q(Rm)ijkl (3.1) 

= VfeVifly - VkVjRu - VNiRkj + VjVj-Rfci + Q{Rm) t3kl 

= ^k(Rmlij^mU) — V; (Rmkij V m u) + Q(Rm)ijkl 

= Vfci? m /ijV m li + Rmlij^k^mU — ViRmkij V m U — R m kij V; V m U + Q(Rm)ijkl, 

where we have used the second Bianchi identity, Ricci identity, and formula (2.9), 
Q(Rm) denotes a quadratic express in the curvature tensor. In the short hand, we 
write the above identity as 

ARm = Vi?m * Vu + Rm * g + Rm * Ric + Rm * Rm. (3.2) 

Then, we have 

A\Rm\ 2 = 2\VRm\ 2 + 2(ARm,Rm) . . 

> 2\VRm\ 2 - 4\VRm\\Vu\\Rm\ - C u \Rm\ 2 - Cu\Rm\ 3 , [ ' 

where C14 is a positive constant depending only on dimension n. By using the estimate 
(2.17) and Kato inequality, we get 

A\Rm\ 2 > (2 - 6»)|V|i?m|| 2 - C(9)\Rm\ 2 - C 14 \Rm\ 3 . (3.4) 

Next, we use the Moser iteration argument to deduce the following mean- value in- 
equality. 

Lemma 3.1 Let {M,g) be a compact Riemannian manifold, and f be a Lipschitz 
function satisfying 

fAf>-9 1 \Wf\ 2 -9 2 f 2 -9 3 f, (3.5) 
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in weakly sense. Suppose that 9\ < j, then there exist constant e depending only on 
the dimension of M , 6*3 and the lower bound of the Sobolev constant C s so that if 



f-dv g < e, (3.6) 

B P (2r) 



then 



sup /<c„(l + 4)(/ / f dv g )$, (3.7) 

Bp(f) r JB P (r) 

where C* depending only on only on the dimension of M, 62, O3, the lower bound of 
Vol(M) and the Sobolev constant C s 

Proof: Multiplying rj 2 f^ 1 to (3.5), and integrating yields 

^/m^IV/^I 2 +o 2 J M v 2 f q +o 3 f M v 2 .f q+1 >-Jm1 2 / h a/ 

= I Im »?/* (VV, V/* ) + ^1) J M rf\ V /f | 2 (3.8) 

>-^/m/W + ^Jm?7 2 Iv/*I 2 , 

where q > 2 and n be a nonnegative cut off function that we will choose later. If we 
suppose that #1 < 4, from the above inequality, we have 

f ^ 2 |V/i| 2 / nVv\ 2 + 6 2 [ v 2 f q +0s[ V 2 f q+1 - (3-9) 

1 JM Q 1 JM JM JM 

Using the Sobolev inequality (1.6), and let \i = we obtain 



U M (rif^}- < &f M Wr,f*)\ 2 +2Vol(M)-if M ^f 
< Mf M V 2 \Vf%\ 2 +f M fi\Vr 1 \Z} + 2Vol(M)-tf M r ) *fi 

Hc^ + 2Vol(M)-i)f MV 2f«. 



(3.10) 



By Holder inequality, we have 

V 2 .f q+1 <(/ / f )"{/ (V.f%) 2 n» (3.H) 

M J Suppr] JM 

Take e < { ^20^ s }■ Let </ = § and r\ be a cut off function with compact support 
in Bp(2r), equal to 1 on Bp(r) and such that Vr? < |, from the above inequalities, 
we get 

f „ 1 48r? 2 1 4r? 2 it' 
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In the next part of the proof, we choose cut off functions rj with compact support 
in Bp(r), and equal to 1 on Bp(^). Using the Holder inequality again, we get 

[v 2 .f q+1 <{[ /^}-(/ (Vf l ) 2 n» (3.13) 
Jm JBp(r) Jm 

where v = = n i l 2n +i ■ Using Young inequality, we have 

( / (vf%) 2 n» <5(f ( V f?) 2 n» + c^s-^ 1 f v 2 r , (s.u) 

Jm Jm Jm 

for small S. 

Set S = \{j Bp(r) /^l^^fe 11 , from (3.10), (3.13) and (3.14), we have 

{/ (v 2 f q V}» <C 15 q n [ ((l + l)^ + |vr,| 2 ).r, (3.15) 
Jm Jm r 

where C15 is a positive constant depending only on 62, O3, dimension of M, the lower 
bound of Vol(M) and the Sobolev constant. 

Set I < r 2 < r\ < r, and let 77 6 C^(Bp(ri)) be the cut off function with the 
property that 77 = 1 in £>p(r 2 ) and |V?7| < — 2 _ r ^ . From (3.15), we have 

(/ < 4C 159 "(1 + 4 + 7 P- (3-16) 

JB P (r 2 ) r 2 (n-r 2 ) 2 J Bp(ri) 

Let Ri = § + §2~\ qi = applying (3.16) to n = Ri, r 2 = R4+1, q = Qi, we have 

(/ /9M 4+1 )M- (i+1) < (6 4C 15 (l + l)^f- i (2 iU r^" i (/ (3.17) 

Jb p (r z+1 ) r 1 Jr z 

Observe that lim^oo Ri = |, and iterating the above inequality, we conclude that 

sup /* <C 16 (l + 4) ? / / f - (3-18) 

□ 

Let = 5 m the formula (3.4), then the norm of Ricmannian curvature \Rm\ of 
shrinking gradient Ricci solitons must satisfy the Bochner type inequality (3.5). From 
lemma 3.1, we obtain the e regularity estimates for shrinking gradient Ricci solitons. 

Theorem 3.2 Let (M ai g a ) be a sequence of compact gradient Ricci solitons 
satisfying the conditions (1), (2), (3) in the theorem 1.1. Then there exist constants 
Cyj and e depending only on C\, C 2 , C3 so that if 



I \Rm(g a )\i < e, 

B p (2r) 



(3.19) 
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then 



sup \Rm(g a )\ < C 17 (l + ■!)( / |i?m(.g ( 

B?(5) r iflpfr) 



-Bp(r) 



(3.20) 



4 The proof of theorem 1.1 



In this section, firstly, we will show that we can extract a subsequence of Ricci 
solitons (M a ,g a ) which satisfy conditions (1),(2),(3),(4) in theorem 1.1, so that it 
converges to an orbifold in a topological sense. This relies on work by M.Anderson 
([Anl], [An2]). 

Let (M, g) be a Ricmannian manifold, and hu be the isoperimetric constant given 

by 



(Vol(M)) n 
T [mm(Vol(M 1 ),Vol(M 2 ))} 7 



^^ ^j;;^,,,^ , (4.i) 



where S varies over all closed hyper-surfaces of M such that M \ S = Mi U M 2 . 
Croke ([Cr]) shows that hu is bounded below by a constant depending only on a 
lower bound for Ricci curvature and volume, and an upper bound on the diameter. In 
particular, if B x (r) is a geodesic ball of radius r about x £ M and S x (r) = dB x (r), 
v(r) = Vol(B x (r)), then it follows that: {v'(r)) n > /i M w(r)"-\ for v ( r ) < \Vol{M), 
integrating this inequality, one obtains: v(r) > n~ n hMr n . On the other hand, from 
the Bishop volume comparison theorem, we know that there must exist a positive 
constant C\g depending only on the lower bound of Ricci curvature and volume such 
that 

Vol(B x {r)) < ^Vol{M), when r < C 18 . (4.2) 

So, we have 

Vol(B x (r)) > C 19 r n , (4.3) 

for r < Ci8, where C\g depend only on a lower bound for the isoperimetric constant. 
From [Ya], volume noncollapsing condition [4.3] and a lower bound for isoperimetric 
constant imply the following Sobolev inequality 

(/ f^)^<^[ |V.f| 2 , (4.4) 

for every Lipschitz function / with compact support in B x (r) and r < C\s- In fact, an 
upper bound on diameter, a lower bound of Ricci curvature and volume noncollapsing 
imply a lower bound on Sobolev constant C' s . 
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Let e be the constant of theorem 3.2 which determined by the bounds Ric(g a ) > 
—C\g ai diam(M a , g a ) < C2, Vol(M a , g a ) < C3 on (M a ,g a ). We fix an < r < Cis 
and let {x%} be a maximal | separated set in (M a ,g a ). Thus the geodesic balls 
-B" fc (jg) are disjoint, and the balls -B" fc (|) form a cover of M a . We let 

G r Q -U{i?^(^): / \Rm(g a p < e}, 

4 JB2 k (2r) 

and 

B£=U{B°(£): / |iim( 5a )|t>e}. 

Then M a = G^UB^. From volume non-collapsing condition (4.3) and Bishop-Gromov 
volume estimates, we have a bound on the number of bad balls Q T a in B r a independent 
of a and r, namely, 

Qa < <?20, (4.5) 

where C20 is positive constant depending only on the constants Ci, C2, C3, C4 which 
given in theorem 1.1. 

Since Ricci solitons are the solutions of Ricci flow, Shi's curvature estimates do 
apply and therefore by the estimates (3.20) 

svL V \V k Rm(g a )\<-%, (4.6) 

where C21 depend only on C\, C2, C3. We also obtain 

sup|V fc UQ | <C 22 (k), (4.7) 

where 022(h) is a constant depending only on k, r, C\, C2, C3. 

From the volume non-collapsing condition (4.3), small curvature estimates (the- 
orem 3.2 ), and Shi's curvature estimates (4.6), following section 5 in [Anl], we can 
show that there is a subsequence of (M a ,g a ) converges to (Moo, ffoo) in the Hausdorff 
topology, and = G(J{Pi}f is a complete lenght space with a length function g^, 
which restricts to a smooth gradient Ricci soliton on G satisfying 

goo - Ric(goo) = Vduoo, (4.8) 

where U oc IS cL C°° limit of u a away from singular points. The point {Pi}i are called 
the curvature singularities of M^, and the convergence is in C°°-topology outside 
the singularities. Then, in the similar way as that in section 5 in [Anl], we can 
check that Moo has the structure of an orbifold with a finite number of curvature 
singularity points, each having a punctured neighborhood which is diffeomorphic to 
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a punctured cone on a spherical space form, and metrics g^o has a C° extension over 
every singularity points. So, we have proved the following proposition. 

Proposition 4.1 Let (M a ,g a ) be a sequence of compact gradient Ricci solitons 
satisfying the conditions (1), (2), (3), (4) in the theorem 1.1. There is a subsequence so 
that (M a , g a ) converges to a compact orbifold (Moo 7 goo) with finitly many singularities. 
Convergence is in C°° topology outside those singularity points, g^ is a smooth Ricci 
soliton outside those singularities and has a C° extension over every singularity points. 

To finish the proof of Theorem 1.1 we still need to show that the limit metric g^ on 
G can be extended to an orbifold metric on Moo- More precisely, in an orbifold lifting 
around singular points, in an appropriate gauge, the gradient Ricci soliton equation 
of goo can be smoothly extended over the origin in a ball in R n . At this stage, the 
regularity theory is not sufficient to imply that jco is smooth. However, by Fatou's 
lemma, we know that 



J Moo 

From the above inequality, we can obtain an upper bound for the norm of curvature 
tensor Rm(g 00 ) of the limit metric g^. 

Lemma 4.2 \Rm(g 00 )\ 00 is bounded uniformly on Moo \ {Pi}® . 

We leave the proof of Lemma 4.2 in the next section. From above, we know that 
each singular point P G M x has a neighbourhood that is covered by a punctured 
ball B n (r) \ {0} G R n . Our goal is to show that there exist one diffeomorphism <f) of 
B n {r) \ {0} such that 0*7r*((/ oo ) extends to a smooth metric on B n (r), where ir is the 
covering map. 

Using Lemma 4.2, and harmonic coordinates constructed in [Jo], in the same way 
as in [BKN, theorem 5.1], we can show that if r is sufficiently small, there is a diffeo- 
morphism (j) of B n (r) \ {0} such that <f) extends to a homeomorphism of B n (r) and 
satisfies 



where we also denote the pulled back metric 0*7r*((; oo ) by g^ for simplicity. This 
means that there are some coordinates in a covering of a singular point of Moo in 
which goo extends to a C 1,1 -metric. 

For our sequence of shrinking gradient Ricci soliton (M a ,g a ), the lemma 2.3 tells 
us that every potential function u a is a minimizer of W(g a , •, ^) and therefore satisfies 




(4.9) 



(0oo)«(aO -Sij = 0(\x\ 2 ) 
dk{9oo)n{x) = 0(\x\), 



(4.10) 



Au, 



- 2 l Vu "! 2 + 2 R (9a) + u a -n = n(g a , -). 



By Au a = n — R(g a ), we have 



Au, 



O: 



= |Vu Q | 2 - 2u a + n + 2fj,(g a , -). 



(4.11) 
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Proposition 2.4 tell us that those n(g a , 5) are bounded uniformly. So we can extract 
a subsequence of a sequence of converging metrics g a such that 




Let a — > 00 in (4.11) we get 

Auoo = |Vuoo| 2 - 2uoo + n + 2^oo, (4-13) 



away from those singular points Pj. On the other hand, from Lemma 2.2 and the 
soliton equation , we have 



for some uniform constant C*. So, it is not hard to conclude that Vuoo extends to 
the origin in the covering ball B n (r). Moreover, Uoo G C 1 ' 1 (B n (r)). 

Using the harmonic coordinates for g^ in B n (r), we can write the soliton equation 
as follow 



where the dots indicate lower order terms involving at most one derivative of gij. 
Since 9oo G C M (£"M) and u °o G C 1 ' 1 ^™^)), from (4.11) and (4.15), the standard 
elliptic regularity theory imply that g x and must be smooth in B n (r), that is g^ 
is a gradient soliton metric in an orbifold sense. 

When n is odd, we can discuss like that in [Anl, section5] , to conclude that there are 
no curvature singularities in . We argue by contradiction. Suppose that there exist 
curvature singularities in M^. For each curvature singularity P G {Pi}f C M^, there 
is a sequence x a G M a , such that x a — > P and inf r> o sup{|i?m a (a;)|; x G B Xa (r) C 
M a } — > 00, as a — > 00. Since the curvature of M Q remains bounded in bounded 
distance away from x Q , we may assume that x a realizes the maximum R a of |i?m a | on 
B Xa (tq) for some small tq. Now consider the pointed connected Riemannian manifolds 

Xai-Ecti Ra9a) • We note that the curvature of V a is uniformly bounded, 
\Rmv a {x a )\ = 1, and \Ric(V a )\(x) — > for any point .t G as a — > 00 (since, in 
Lemma2.2 we have proved that the Ricci curvature of M a is bouunded uniformly ). 
Similarly, J v \Rm\~z < C and the Sobolev constants for V a are uniformly bounded 
below, since this is true for M a itself. As in section three in [Anl], we can prove that 
there is a subsequence of V a converges, in C°° topology on compact sets, to a complete 
connected Riemannian manifold V satisfying 



sup |uoo|c 2 < C 

M 00 \{P,}« 



(4.14) 



A (5y) H = u »i 



(4.15) 



Ricy = 0, 



J v \Rm\^ <C, 



(4.16) 



and 



\Rm\(x ) = 1, forsomexo G V. 



(4.17) 
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A complete connected Riemannian manifold satisfying (4.16) is called an EALE (Ein- 
stein, asymptotically locally Euclidean) space. Theorem 3.5 in [Anl] had shown that 
in odd dimensions, nontrivial, i.e., nonflat, EALE space do not exist, so we get the con- 
tradiction by (4.17). So it follows that Moo is a smooth manifold and the convergence 
M a — > Mqo is smooth. 



5 Curvature bounds of the limiting metric 

In this section, we will give curvature bounds for the limiting metric g^. If n = 4, 
the approach that we will use to prove lemma 4.2 is based on Uhlcnbcck's [Uh, Th4.1] 
idea for treating the isolated singularities for the Yang-Mills equation. If n > 5, using 
the Sobolcv bounds in B goa (P,r) {P}, we can verify the basic methods of Sibncr [Sib, 
Lemma2.1, Proposition2.4] remain valid here also. We should point out that Chao 
and Sesum [CS] had used the same idea to treating theKahler-Ricci soliton case. We 
include a sketched proof here. 

Let P be a singular point of M^, r(x) = dist goo (x, P), and B 9x3 (P, r) = {x G 
Moo\r(x) < r}. Since the Sobolev inequality (4.4) with a uniform Sobolev sonstant 
C' s for all g a , we have the following Sobolev inequality 

(/ f^) n -^<^[ |V/| 2 , (5.1) 

for every Lipschitz function / with compact support in _B Soo (P, r) \ {P} and r < C\s- 

Remark 5.1 By Fatou's lemma and similar arguments as in [BKN], we can get 
that (5.1) also holds for compact supported functions f G W 1 ' 2 (B gtx3 (P,r)). 

From (3.4), we also have 

A\Rm\ 2 > (2 - <9)|V|i?TO|| 2 - C(9)\Rm\ 2 - C 14 \Rm\ 3 , (5.2) 

on M oc \{P i }f . by (4.9), we can decrease r if necessary so that J g ^ Pr ^ \Rm\% dV 9oo < 
e, where e is chosen to be small. By Sobolev inequality (5.1) and lemma 3.1, we have 

\Rm( 9oo )\(x) < f \Rm{ 9oo pdV goo }i, (5.3) 

for some uniform constant C. From Shi's curvature estimates (4.6), letting a — > oo 
we get 

N k Rm( 9 oo)\( X )<^§, (5.4) 
for all x G Moo \ {Pi}?, where C{r{x)) -> as r(x) 0. 
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(a), When n = 4. Let U be a small neighbourhood of P, recall that U \ {P} is 
covered by B n (r) \ {0} C R 4 and Tr*^ extends to a C° metric on the ball B n (r), 
where it is the covering map. By estimates (5.3) and (5.4), as in [Til, section 4] we 
can find a gauge 4> (i.e, a diffeomorphism on B n {r)(r)) so that 



e ( r O)) 

r{x) 



\dgij\(x) < 

Kfe)|(*) < (5.5) 

in P r \ {0}, where d is the exterior differential on i? 4 and | • | is the norm with respect 
to the Euclidean metric, and g stands for </>*7r*g 00 . 

Let D = d + A be a connection uniquely associated to the metric g on B n {r) \ {0}, 
where A is the connection form. As in [Uh, section4] or [Til, section4], we constructed 
the broken Hodge gauges. We break domain up into annuli 

U; = {x : 2~ l ~ 1 r < r{x) < 2- l r}, 

Si = {x : r(x) = 2-'r}, l °' Dj 

for 1 = 0,1,2, 

Definition 5.2 A broken Hodge gauge for a connection D in a bundle E over 
U^ Ui is a gauge related continuously to the original gauge in which D = d + A and 
A(l) = A\ jj ; have the following properties for all I 

d*A(l) = inU u 
A^(l)\ Si =A^(l-l)\ Sl , 
d*^A^{l) = onSi andSi+i, 

Ss,Mi) =S Sl+1 Mi) = o- 



As in [Uh, Theorem4.6] or [Til,section4], from estimate (5.3), we have the following 
lemma 

Lemma 5.3 Let D be the unique connection associate to the metric g, for small 
r,then there exists a broken Hodge gauge in B n (r) \ {0} = Ufl U; satisfying 

\A(l)\ g (x) < C2- l rsu PUi \Rm\ g < C2 l +^~\ 
f Ut \A(l)\ldV g < C2-^J Ut \Rm? g dV g . 



By direct calculation, we have 

+ /s ^(°)^ m ^) _ lim ^°° is !+1 (^(l),Rm r ^) 
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From (5.3) and (5.7), it is not hard to check that lim^oo Jg ; ^(A^,(l), Rm rx p) = 0. 
On the other hand, we know the limit metric g^ satisfies the Ricci soliton equation, 

g - Ric = Vdu, (5.9) 

where u = cf)*'K*u 00 . We have 

D RlTlijk = Rijkm.m Rki.j Rkj.i ^k.ji ^k.ij Rijkig (5.10) 

where we have used the second Bianchi identity and Ricci identity. By lemma 2.2, we 
know that |Vu| is bounded uniformly, so we have 

[ (A(l),D*Rm) <([ \A(l)f)H[ \D*Rm\ 2 )* <C2~ l r [ \Rm\]. (5.11) 

From the estimate (5.3), we get 

\^ i ([A{l),A{l%Rm) | < sup U; \Rm\ 9 J Vi \A(l)\ 2 

< C U Bgoo( P,2-^r) \R™{9°°)\ 2 ) h Su, \R< (5.12) 

Similar as the proof of corollary 2.6 in [Uh] with small modification just like that in 
[Til, setion4], we can find a decreasing function ei(r) with lim r ^ e i( r ) = such that 

f \M^)\ 2 a dV a < (2 - e(r))-V f \Rm^\ 2 g dV g (5.13) 

From (5.8), (5.11), (5.12), (5.13), wc have 



S B (r) \ Rm \l dV 9 ^ 2(2- ei (r))(l- ea (r)) IdB(r) l^lfl AV 9 

?(r) 



<l(i + l)W)i^<^. 



(5.14) 



whenever r is sufficiently small and S G (0,1), where lim r _,o = . Then it is 
standard to conclude from above inequality that([Til, section4]) 

\Rm\ goo (x)<^, (5.15) 

for x e Bg ao {P 1 r), for sufficiently small r and some 6 £ (0, 1), where C is a uniform 
constant. Recall that extends C° metric on the covering ball, from (5.15), we can 
show that there exist q > 4 so that 

f \Rm{9oo)\ q < oo. (5.16) 

J B 9oo (P,r) 

To further consideration, we need the following lemma which similar as lemma 2.1 
in [Sib] , and had been proved in [CS] 
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Lemma 5.4 Let f > be a smooth function in \ {Pi}® and satisfies (3.5), 

with / G L% . If f G L ™-2 n L 2q , q > \, then V f q G L 2 and for sufficiently small r, 
we have 

f V 2 N.f q \ 2 < [ \V V \ 2 f q , (5.17) 

for all ?] G B gao (Pi,r), where C is a uniform constant. 

(b), If n > 4, let / = \Rm(g 00 )\ G L% , we can choose qo = 1 and g = ^. From 
(5.2), we know / = |i?m(<7oo)| € L* satisfies (3.5), applying Lemma 5.4 to /, we find 
that V/* G L 2 . By remark 5.1, we can apply the Sobolev inequality (5.1) to f* to 
conclude that 

\Rm( 9oo )\ eL", (5.18) 

From above we know that \Rm(g 00 )\ G LP for some p > § in both cases n = 4 
and n > 4. Specially, since Fo^Moo, g^) < oo, by (5.16) (5.18) and using Holder 
inequality, we have \Rm(g 00 )\ G L p for p G (0, f ^j]. Take g = 1, ? e (0, f ^35] and 
repeat applying Lemma 5.4 to get \7\Rm goo \ q G L 2 . By Sobolev inequality (5.1) and 
Using Holder inequality again, we have \Rm(g 00 )\ G LP for p G (0, §(;^2) 2 ]. If we 
keep on repeating this, at the fc-th step we have '\I\Rm{g 00 )\ q G L 2 for q G (0, j(-^Z2) k ] 
and \Rm{g 00 )\ G LP for p G (0, K^)^ 1 ]- Since (^) k -> 00 as fe -> 00, we have 

|i?m( 5oo )| G ^, (5.19) 

and 

V|i?m( 5oo )| p G L 2 , /or a/; p. (5.20) 

By (5.19) (5.20), combining Remark 5.1 and lemma 5.4, for sufficiently small r and 
any p we have 



(Ib 9 {P , r) \v\Rm g J^)^ <^f Bg ^ r) \V(v\Rm( 9oo )\n\ 2 

<C! Bgoo{P ^\ 2 \Rm{ gao )\^, V- > 

with a uniform constant C, where r\ is any cut off function with compact support in 
B gao (P, r). Then, using the Moser's iteration argument as in the proof of Lemma 3.1, 
we get 

sup \Rm{ goc )\ < ^. (5.22) 
s Soo (P,i) r 

So, we get the curvature bound for the limiting metric g^and finished the proof of 
Lemma 4.2. 
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